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In this work, we report calculation for Compton scattering of a γ-ray vortex with Laguerre
Gaussian wave function on an electron in the framework of the relativistic quantum mechan-
ics. We have found the following unexpected feature. The momentum of scattered photon
distributes outside of the reaction plane determined by the incident photon and the scattered
electron, and hence the energy of the scattered photon also distributes. This novel result in-
dicates that one can identify a γ-ray vortex by measuring coincidentally the scattered angles
of the electron and photon.
2Photon vortices carrying orbital angular momentum [1] are interesting both from the funda-
mental research [2–4] and for applications [5–11]. Furthermore, it is suggested that the photon
vortex can be created in astronomical system [12]. Recently, it has been proposed to generate
γ-ray vortices in the MeV energy region using laser Compton scattering with laser vortex [13–15]
and nonlinear laser Compton scattering with highly intense circularly polarized laser [16]. When
γ-ray vortices are available in laboratory, they open a new frontier in nuclear and particle physics
[16, 17]. However, there is no practical method to identify γ-ray vortices in the MeV energy
region. Compton scattering is a dominant process of photons and atoms in the energy region
from several hundred keV to several MeV. It is well known that the differential cross-section
of Compton scattering of linearly polarized γ-rays depends on the angle between the scattering
plane and the polarization plane. Thus, polarimeters based on Compton scattering have been
used in nuclear physics [18] and γ-ray astronomy [19]. Thus, it is important to calculate the
cross section of Compton scattering with γ-ray vortices.
We consider Compton scattering of a γ-ray vortex with a wave function of Laguerre Gaussian
(LG) on an electron at rest. We also consider coincidence measurements of the scattered electron
and photon. We set the system so that an initial photon propagates along the z-direction with
the energy k and the electron is scattered in the zx-plane (see Fig. 1). The amplitude of Compton
scattering in relativistic quantum mechanics [20] is given by
Sif = e
2
∫
d4xd4yψf (x)γ
µSF (x, y)γ
νψi(y)
[
Aµ∗f (x)A
ν
i (y) +A
µ
i (x)A
ν∗
f (y)
]
, (1)
where e is the elementary charge, ψi and ψf are the initial and final electron wave functions,
respectively, SF is the electron propagator, and Ai ≡ (A0i ,Ai) and Af ≡ (A0f ,Af ) are the
initial and final photon fields, respectively. Though the momenta of photon vortices are under
off-mass-shell condition, it is expected that the on-mass-shell condition is satisfied for observed
photons. Therefore, we assume that the final photon wave function is the plane wave with the
final photon momentum of q ≡ (|q|, q) = (|q|, qT , qz).
We choose the Lorentz gauge and A0 = 0 for the photon field and write the electron and photon
fields as
ψ(x) =
1√
Ω
U(p, s)eipr−iEpt, Ai(r) =
ǫi(hi)√
2k
u(r)e−ikt, Af (r) =
ǫf (hf )√
2|q|Ωe
iqr−i|q|t, (2)
where Ω is the volume of the system, U(p, s is the Dirac spinor of an electron with the momentum
p and the spin s, k is the energy of the initial photon, hi(f) indicates the helicity of the initial
(final) photon, and the polarization vector satisfies ǫf · q = 0 and ǫf · ǫf = 1. We write the
initial and final momenta of the electron as pi = (Ei,pi) and pf = (Ef ,pf ), respectively. The
3scattering amplitude is rewritten as
Sif =
e2
2
√
k0i |q|Ω
U(pf , sf ) [/ǫfSF (pf + q)/ǫ i + /ǫ iSF (pi − q)/ǫf ]U(pi, si)
×u˜(pf + q − pi)(2π)δ(Ef + |q| − Ei − k) (3)
with ǫi,f = (0, ǫi,f ) and
SF (p) =
/p +m
p2 +m2 + iδ
, u˜(k) =
∫
dre−ik·ru(r). (4)
Then, the cross-section is given by
dσ =
e4
4kEi
Wif
∣∣u˜(pf + q − pi)∣∣2 (2π)δ(Ef + |q| − Ei − k) dq(2π)3|q| dpf(2π)3Ef (5)
with
Wif = EiEf
∣∣U(pf , sf ) [/ǫf (hk)SF (pf + q)/ǫ i + /ǫ iSF (pi − q)/ǫf (hk)]U(pi, si)∣∣2 . (6)
We assume that the initial electron is at rest, that the initial photon is parallel to z-direction,
and that the final photon polarization is not observed. Then, we substitute pi = (m, 0, 0, 0) and
ǫi(hi) = (1, ihi, 0)/
√
2 with hi = ±1. We average the spin of the initial electron and sum over
the spin of the final electron and the polarization of the final photon. In addition, we rewrite
pf = (Ep,pe) = (Ep.pT , pz). As the result, the cross-section is written as
dσ =
α2w20
8π3mk|q|Ep W¯if |u˜(p + q)|
2δ(Ep + |q| −m− k)dqdp, (7)
with
W¯if =
1
2
∑
si,sf ,hf
Wif
=
1
8
∑
hk
Tr
{
(/pf +m)
[
(2pf · ǫf (hk)− /kf/ǫf (hk)) /ǫ i
2pf · kf
− /ǫ i (/ǫf (hk)/kf + 2pi · ǫf (hk))
2pi · kf
]
×(/pi +m)
[
/ǫ∗i (2pf · ǫf − /ǫf/kf )
2pf · kf −
(/kf/ǫf + 2pi · ǫf ) /ǫ∗i
2pi · kf
]}
=
1
2
{
mq2z
|q|(pf · q) +
mk
(pf · q)2
[
|p|2 − (p · q)
2
|q|2
]
+
Ep|q| − pzqz
m|q| +
pz
(pf · q)
[
qz(p · q)
|q|2 − pz
]}
. (8)
Note that these cross-sections are independent of the initial photon helicity hi.
In this work, we consider the LG wave [1] for the initial photon which is written as
u(r) =
√
2
πRz
1
w(z)
G
[
|L|, p, r
w(z)
]
exp
{
i
[
Lφ+ kz +
zr2
zRw2(z)
− (2p + |L|+ 1)θG
]}
(9)
4with
G [|L|, p, x] =
√
p!
π(|L|+ p)!
(
x√
2
)|L|
e−x
2/4L|L|p
(
x2
2
)
,
θG = tan
−1
(
z
zR
)
, w(z) = w0
√
1 + z2/z2R, zR = kw
2
0/2. (10)
where L is an integer indicating the orbital angular momentum of the initial photon, L|L|p is the
associated Laguerre function, Rz is the size of the system along the z-direction, and w0 is the
waist radius at z = 0. The Fourier transformation of u(r) becomes
u˜(Q) =
√
(2π)3
Rz
ei(p+|L|/2)pieiLφqw0G [|L|, p;w0QT ] δ
(
Qz +
Q2T
2k
− k
)
(11)
with QT ≡
√
Q2x +Q
2
y and φq being the azimuthal angle of the momentum Q along z-axis.
Here, we consider coincident measurements of the scattered photon and electron. When the
initial photon is the plane wave with momentum (0, 0, k), the final electron momentum is pe/pe =
(− sin θe, 0, cos θe) with pe = 2mk(k + m) cos θe/[(k + m)2 − k2 cos2 θe] and the final photon
momentum is q = q0 = |q0|(sin φ0, 0, cos φ0) = (pe sin θe, 0, k − pe cos θe). In contrast, when
the incident photon is the LG wave, the final photon momentum distributes, while the initial
photon momentum is given by Q = pe + q, thereby satisfying the relation pz + qz + (pT +
qT )
2/2k − k = 0 [see Eq. (11)]. To illustrate the final photon momentum distribution, we
take y-direction to be a new principal axis and write the final photon momentum as q =
|q|(cos θy sinφy, sin θy, cos θy cosφy) as shown in Fig. 1. Combining Eqs. (7) and (11), we obtain
the cross-section for the incident photon of LG wave. By integrating the cross-section over |q|
and φy for a fixed electron momentum, the cross-section is written as
d4σ
dp3ed sin θy
=
α2w20|q|
4πmEp |(k − qz)qx − qz|pT ||
W¯if [G(L, p;w0|pT + qT )|)]2 (12)
with |q| = k+m−Ep. An important consideration in measurements is the divergence angle of the
incident photon, which is determined by the photon energy k and the waist radius w0. We take
the incident photon energy to be k = 500 keV, where Compton scattering dominates. Although
w0 is a free parameter in the present calculation, it is determined by the generation mechanism
of γ-ray vortices in the framework of the quantum mechanics. However, to our knowledge, there
is no theoretical prediction. Thus, we take w0 to be 25 pm that is approximately ten times of
the wave length of the present incident photon (2.48 pm) in the following discussion.
We find two unexpected features. First, the differential cross-sections have finite values out
of the zx-plane. Figure 2(a) shows the angles of the scattered photons which give the finite
cross-sections justifing the relation pz + qz + (pT + qT )
2/2k − k = 0 when cos θe = 0.95. The
5results exhibit that the distributions of the cross-sections are perpendicular to the horizontal
axis at θy = 0, clearly implying that the strengths of the cross-sections distribute out of the zx-
plane. Second, the energy of the scattered photon is shifted from that of the standard Compton
scattering. In addition, the energy shift correlates with the spatial shift from the zx-plane. The
lower panel [Fig. 2(b)] shows the cross-sections for the LG waves with L = 1 and p = 0 as a
function of the energy shift ∆E = |q| − |q0| and the scattered angle to y-axis, θy. It should be
emphasized that the strengths are exactly zero at φy = 0 and ∆E = 0, at which the strength
appears in the standard Compton scattering. This corresponds to the fact that the amplitude
of the LG wave function is zero along the beam line when L 6= 0.
Let us discuss the result quantitatively. We show the differential cross-sections at cos θe = 0.95
when L = 1 and p = 0 (a,b), L = 1 and p = 1 (c,d) and L = 2 and p = 0 (e,f) in Fig. 3. The left
panels (a,c,e) present the angular dependence of the scattered photons. It is again confirmed the
result that the strengths are exactly zero at φy = 0 and ∆E = 0 (see the solid lines), at which
the strength appears in the standard Compton scattering. The position of the peak depends on
L. In the case of (a), the peak with ∆E = 0 is located at φy/π = 0.015. As L increases, the
peak position shifts toward a larger polar angle [see Figs. 3(e)], which also corresponds to the
shape of the photon wave function represented by the Laguerre function LLp . Furthermore, the
number of the peaks correlates with the node, p. In the case of (c), there are two peaks, which
originates from the fact that the photon wave function has a node in the transverse direction for
p = 1. These results indicate that, by measuring the angles of the scattered photon and electron,
one can identify the angular momentum and the node of the LG wave for incident photon.
The right panels (b,d,f) present the expected energy spectra of the scattered photons. In the case
of the standard Compton scattering, the energy is uniquely determined (see long dashed-lines);
however, the energy of γ-ray vortices spreads. This result indicates another method to identify γ-
ray vortex in the measurements: the energy and angle of the scattered photon coincidentally with
the angle of the scattered electron. Finally, we point out that the cross-sections are dependent on
the scattered electron angle, thgouh we show only the results at cos θe = 0.95. As θe decreases,
the energy distributions become broader while the θy distributions become narrower.
The γ-ray vortex is expected to be generated by laboratory experiments in the near future.
In the present study, we study the Compton scattering with the gamma-ray vortex with the
LG wave function, thereby find two unexpected features. First, the differential cross-sections
have finite values out of the zx-plane. Second, the energy of the scattered photon shifts from
that of the standard Compton scattering. These results indicate that Compton scattering with
6γ-ray vortices is useful to identify the nature of the photon vortices, the node p and the angular
momentum L, when the final electron and photon are coincidentally measured.
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FIG. 1. Coordinate system used in the calculation. γ and γ’ denote the initial and final photons,
respectively. The electron as e− is scattered in the zx-plane.
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FIG. 2. Upper panel (a): the directions of the scattered photons at the fixed momenta of the final
electrons, when cos θe = 0.95. The dotted, dashed, solid, dot-dashed, and dpt-dot-dashed lines represent
the results when ∆E = 6 keV, 3 keV, 0 keV, −3 keV, and −6 keV, respectively. Lower panel (b): the
contour plots of the differential cross-section of Compton scattering integrated over the azimuthal angle
φy when L = 1, p = 0, and cos θe = 0.95. The horizontal axis shows the energy difference ∆E, and the
vertical axis shows the polar angle along the y-axis.
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FIG. 3. The differential cross-section of Compton scattering when cos θe = 0.95. The left panels show
the θy dependence when L = 1, p = 0 (a), L = 1, p = 1 (c), and L = 2, p = 0. The dotted, dashed, solid,
dot-dashed, and dpt-dot-dashed lines represent the results when ∆E = 10 keV, 5 keV, 0 keV, −5 keV,
and −10 keV, respectively. The right panels show its energy spectra of the scattered photons, when
L = 1, p = 0 (b), L = 1, p = 1 (d), and L = 2, p = 0 (f). The dotted, solid, and dashed lines represent
the results when θy/π = 0, 0.01, and 0.02, respectively. The long dashed lines indicate the results in the
standard Compton (SC) scattering.
